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Abstract

An ion-related phenomenon that depends on a position in
a bunch train is discussed. Density of trapped ions are mod-
ulated by periodic passage of a bunch train, and the mod-
ulation causes the phenomenon which has dependence on
the position in the train. We tried a theoretical model that
gives the modulation of the ion density caused by the pas-
sage of the train, and obtained theoretical value of change
in vertical tunes along the train for multi-bunch operation
in PF-ring. Bunch-by-bunch tune measurement supported
the theoretical prediction.

1 INTRODUCTION

In the “classical” theory of ion trapping[1, 2], a stability
condition of the ion motion and tune shift due to the trapped
ions are discussed. In the theory, a size of an ion cloud
is treated as constant and equal to a beam size; therefore,
the theory does not treat a phenomenon in which the ion
density varies along a bunch train.

The gas ions that are stably trapped by the beam, how-
ever, are affected by periodic force due to passage of the
beam and oscillate around beam orbit. The oscillation
causes change in size of an ion-cloud, and a modulation
of the trapped ion density along the bunch train occurs.
We have tried a theoretical model that gives the modula-
tion of the ion density due to the passage of the train. In
the model, the theory of betatron oscillation in circular ac-
celerators was applied to the motion of the ions, and the
change in the size of the ion-cloud along the train was de-
rived from “betatron function of the ions”. Theoretical pre-
diction of change in vertical tunes along the train due to
the modulation of the ion density had good agreement with
bunch-by-bunch tune measurement in the PF-ring.

2 ION MOTION

2.1 Equation of Motion

According to the classical theory[2], vertical displace-
ment yi(t) of the ion at a position in a ring affected by a
bunch can be expressed as(

yi(t + tRF )
ẏi(t + tRF )

)
=

(
1 tRF

0 1

) (
1 0
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) (
yi(t)
ẏi(t)

)

= DB

(
yi(t)
ẏi(t)

)
, (1)

where tRF is the bunch spacing and a denotes the impulse
due to the passage of the bunch[2]. A dot in the equation

represents a time derivative. In Eq.(1), the matrices B and
D represent a thin-lens kick by the bunch and a drift be-
tween the bunches, respectively. The matrix for passage
of the whole bunch train that consists of bunches with the
same beam current can be written as the product of DB
and D, namely,

(
yi(t + trev)
ẏi(t + trev)

)
= Dh−nb (DB)nb

(
yi(t)
ẏi(t)

)

= M

(
yi(t)
ẏi(t)

)
, (2)

where trev is the revolution period of the beam, nb is the
number of bunches in the train and h is the harmonic num-
ber, respectively.

2.2 Stability Condition of Ions

A stability condition for the ions can be written with the
trace of the matrix M as 1

2 |TrM | ≤ 1[2]. Because the
trace depends not only on the configuration of the bunch
train but also on the beam size, the stability condition dif-
fers at different positions in the ring under the same config-
uration of the train. We calculated the ratio of the total area
of the regions where the ions are trapped to the area of the
whole ring in various configurations of the train. Figure 1
shows with contour lines the ratio for various configura-
tions of the train. In the calculation, an ion species of CO+,
which is the main component of the residual gas molecules
in the PF-ring, is assumed. As seen in the figure, ions are
rarely trapped when the train length is shorter than 100
bunches and the bunch current is equal to 1.6 mA/bunch,
the bunch current in routine operation.

In the case that the ion-motion is stable, ions can oscil-
late around the beam. The oscillation can be discussed with
a method similar to that for the betatron oscillation in cir-
cular accelerators. Namely, an “ion betatron function βi”
with the period trev can be defined as a function of the time
lapse τ from the passage of a bunch head. However, there
are some differences between the usual betatron function
of the beam and that of the ion; namely, the betatron func-
tion of the ion exists under condition in which the ion is
affected by periodic focusing force only, whereas the beam
is governed by periodic focusing/defocusing forces. More-
over, the betatron function of the ion can be defined as a
function of the lapse time τ , whereas the betatron function
of the beam can be defined as a function of the position in
the ring.
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Figure 1: The ratio of the area of the regions where the ions
are trapped to the area of the whole ring for various bunch
train length (the total number of bunches).

2.3 Ion Betatron Function

The vertical displacement yi of the ion at time t is given
by

yi(t) = y0

√
βi(τ) cos φ(t), (3)

where y0 is a constant and φ(t) is the phase of the ion mo-
tion. Examples of βi for multi-bunch mode (280 bunches
+ 32 empty buckets) with a bunch current of 1.6 mA/bunch
are shown in Fig. 2. In the calculation of βi, a CO+ ion
is assumed. Because the impulse due to the passage of a
bunch depends on the beam size where the ions are trapped,
a wiggle pattern of βi depends on the position where the
ions are trapped. Two different curves in the figure corre-
spond to the βi at two different locations in the ring. As
seen in the figure, peaks and valleys in these two curves do
not coincide with each other in the middle part of the train;
however, the patterns of the βi tend to decrease along the
bunch train head and increase along the tail.

3 TUNE SHIFT

3.1 Change in Tune along the Bunch Train

Similar to the discussion for the beam in circular accel-
erators, a size of an ion cloud is proportional to

√
βi(τ),

and the size of the ion cloud varies along the bunch train
because the βi wiggles along the train as seen in the Fig. 2.
Now we assume that the size of the ion cloud Σ(τ) is pro-
portional to the beam size σ; namely,

Σx,y(τ) = εx,y(τ)σx,y , (4)

where εx,y(τ) represents change in the size of the cloud
along the train. If we assume that the horizontal motion of
the ions is negligible (εx(τ) = 1), the tune shift along the
bunch train is simply written as

∆νy(τ) =
∆ν0

y

εy(τ)
, (5)
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Figure 2: βi at two different locations in the ring for 280
bunches.

where ∆ν0
y is the tune shift in the classical theory of the

ion trapping [2]:

∆ν0
y =

reE0

2πE
λeη

∫
C

βy(s)
σy(s) (σx(s) + σy(s))

ds, (6)

where re is the classical electron radius, E0 the rest mass of
the electron, E the total energy of electron, λe the averaged
line density of electrons, η the neutralization factor, and
βy the betatron function of the beam, not the function of
the ions, respectively. The integral in Eq. (6) is taken over
the area C where the ions are stably trapped around the
beam. The ratio 1/εy(τ) in Eq. (5) represents a modulation
of the trapped ion density along the train. Because the size
of the ion cloud is proportional to

√
βi, the ion density is

proportional to an average of 1/
√

βi over the whole ring,
namely,

1
εy(τ)

=

∫
C

1√
βi(τ)

ds

1
nbtRF

∫ (∫
C

1√
βi(τ)

ds

)
dτ

. (7)

Equation (5) is consistent with the classical theory be-
cause an averaged value of the tune shift over the
whole bunch train equals ∆ν0

y ; namely, Eq. (7) satisfies
1

nbtRF

∫
1

εy(τ)dτ = 1.

3.2 Ion Cloud Motion

As given by Eq. (4), the factor εy(τ) represents the
change in the size of the ion cloud along the train. Figure 3
shows the change in the size of the cloud in the same con-
figuration of the bunch train in Fig. 2. Similar to the βi(τ),
the change in the size of the ion cloud along the train has
mirror symmetry around the center of the train and has a
period of trev. The cloud has a tendency to expand and
shrink repeatedly during the passage of the middle part of
the train, and its size tends to become remarkably large (2



times as large as the beam size) in both the head and the
tail of the train. The cloud rapidly shrinks and expands af-
ter the passage of the head and before the passage of the
tail, and that indicates the effect due to the change in the
ion density can be observed in both the head and the tail of
the train experimentally.
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Figure 3: The change in the size of the ion cloud along the
bunch train. The ordinate corresponds to the factor εy(τ).

3.3 Bunch-by-Bunch Tune Measurement

We have observed a vertical instability in the PF-ring
multi-bunch mode (280 bunches) with an optical bunch-by-
bunch beam diagnostic system [4] and analyzed the verti-
cal tunes of individual bunches. The experimental result
and the theoretical value are shown in Fig. 4. The figure
shows tune shifts from the tune of the first bunch as a func-
tion of the bunch position in the train. In the calculation
of the theoretical values, an ion species of CO+ and a neu-
tralization factor of 9.4×10−6, which is consistent with an
experimental result for measurement of the neutralization
factor in the PF-ring. In the calculated tune shift in the
figure, an asymmetry around the center of the bunch train
can be seen although the βi is symmetric, as seen in Fig. 2.
This is because the asymmetry arises from the change in
the beam current during the measurement.

We calculated the averaged tune shifts along 20 bunches

in the head. A theoretical value of
(

∆νy

∆n

)
= 5.1 × 10−6

was obtained, which agreed closely with the experimen-

tal value of
(

∆νy

∆n

)
= 4.0 × 10−6. On the other hand,

the averaged tune shifts along 20 bunches in the tail was
−6.4 × 10−6 from the theory and −2.1 × 10−6 from the
experiment. The agreement is not so good; however, a ten-
dency to decrease the tunes in the tail of the train agrees
with each other.
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Figure 4: The change in the vertical tunes along the 280
bunch train. Circles and a curve correspond to the experi-
mental results and the theoretical values.

4 SUMMARY

We have tried a model in which the modulation of the
ion density during the passage of the bunch train is taken
into account. The model treats change in the size of the ion
cloud due to the passage of the train. The theoretical value
of the change in the vertical tunes along the train agrees
with the experimental result in which a vertical instability
has been observed with an optical bunch-by-bunch beam
diagnostic system in the PF-ring.
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